Finite groups which are products of pairwise totally permutable subgroups are studied in this paper. Thê -residual, ^-projectors and .F-normalizers in such groups are obtained from the corresponding subgroups of the factor subgroups under suitable hypotheses.
Theorem B [5] . Let G = G X G 2 .. .G T be a group such that G,, G 2 ,..., G r are pairwise totally permutable subgroups ofG. Let T be a saturated formation which contains U. If for all i € {1, 2 , . . . , r} the subgroups G, are in T, then G e f .
Also in this context, the following result is proved in [2] : Theorem C [2] . Let T be a formation of soluble groups such that W C f . If G = HK is the product of the totally permutable subgroups H and K, then G r -H r K T .
Here G* denotes the T-residual of G, that is, the smallest normal subgroup of G with quotient in T.
Our main goal in this paper is to take these studies further. In fact we prove that Carocca's result can be extended to non-saturated formations containing U. We also study the behaviour of ^"-residuals, ^"-projectors and .F-normalizers, where T is a saturated formation, in such factorized groups. Proof. Assume that the result is false and let G be a counterexample with |G| + |G,| + . . . + \G r \ minimal. Then r > 2 and by Theorem B, there exists i e {1, 2 , . . . , r) such that G, does not belong to U. Without loss of generality, we suppose i = l . Then G" ^ 1. By [2, Corollary] , the subgroup K = G 2 .. .G r centralizes G". Hence G" is a normal subgroup of G. Moreover G" centralizes (K G ), the normal closure of K in G. On the other hand, G, = G"A, for an W-projector A of G,. Consider now Z = [{K G )]G t , the semidirect product of (K G ) and G, with respect to the action by conjugation. By [3, Lemma 1], G is isomorphic to a quotient of Z. We prove that Z is an ^"-group. It is clear that G" is a normal subgroup of Z because it is centralized G, e T. Therefore 2 ~ Z/((K G ) n G") e Tl^T = T and G e T, a contradiction.
Our next theorem shows that the converse of Maier's result remains true in the case of a product of pairwise totally permutable subgroups and formations containing U which are either saturated or soluble. We need first a preliminary lemma. 
Lemma 2. Let T be a formation such that W c f and let G
]U e T and the lemma is proved.
Theorem 2. Let T be a saturated formation containing the class U and let
•. G r be the product of the pairwise totally permutable subgroups G U G 2 G r . IfGeT, then G, e T for all i e {1, 2 r}.
Proof. Arguing by induction on the order of G, we can assume G has a unique minimal normal subgroup N and GjN/N e .F for all i e {1,2,..., r}. By Lemma l(a) of [5] , there exists i e {1, 2 , . . . , r} such that N < G,. We can assume without loss of generality that N < G,. Take now j e {1, 2 , . . . , r} with j / 1. Using the fact that GjN/N e .F we have G, = 7J(G ; n N), where 7J is an ^"-projector of G ; . Notice now that Tj < Gj and G y n N < G,. Moreover by [5, Lemma l(b)], G, nG, < F(G ; G,) e W. Hence Gj is the product of two totally permutable ^-subgroups. By Theorem 1, Gy e .F. Consequently G t e f for all j e (2, . . . , r } . Applying Lemma 2, we conclude that G, e J . (G" n O(G r ) ), is different from 1. Since F/{G U , n <D(G r )) is nilpotent, we have that F is nilpotent by [4, Theorem 3.7] . Notice that F < G" < G. Hence F is subnormal in G. Then F is contained in F{G) . On the other hand F is a normal subgroup of G r which is not contained in Q> (G r Proof. We use induction on the order of G. We can assume G T / 1, otherwise the result follows from Theorems 2 and 3. Notice that the hypotheses in the theorem are inherited by the quotient group G/G r . So we have by induction that G i G r /G T is an Tgroup for every i e {1, 2 , . . . , r}. In particular, Gf < G T for each i € {1, 2 , . . . , r}. On the other hand we know that Gf is a normal subgroup of G for i e {1, 2,..., r) by Lemma 1. Therefore Gf Gf... Gf is a normal subgroup of G contained in G , every .F-normalizer of M is an /"-normalizer of G and they are conjugated subgroups in G. We can then assume /4, < M. Then G = T (MG 2 G 2 ... G,) 
Remark 1. Theorems 2 and 3 are not true without assuming that either T is a saturated formation of T is contained in S. The group H -SL(2, 5) has a normal subgroup of order 2, say Z{H) = F(H) = c/>(H) with H/Z(H)
~
